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Steady-State Analysis of the Conjugate Heat Transfer
Between Forced Counterflowing Streams

C. Trevifio,* A. Espinoza,t and F. Méndez}
Univeridad Nacional Autonoma De Mexico, 04510 D. F.,, Mexico

In this article we analyze the steady-state conjugate heat transfer process between two counterflowing
forced streams separated by a wall with finite thermal conductivity. The influence of the longitudinal heat
conduction through the wall is very important on the overall heat transfer rates and has been analytically
deduced. The most important parameters are denoted by a, B, and €. The parameter « corresponds to
the ratio of the solid heat conduction in the longitudinal direction to the convected heat towards the
hotter fluid, B is the relationship between the thermal boundary-layer thickness of both fluids, and ¢ is
the aspect ratio of the plate. In the asymptotic limit &« — o« and using the Lighthill approximation, it
can be shown that the balance equations reduce to a single integro-differential equation with only the
parameters « and B. This limit is analyzed using regular perturbation techniques. On the other hand,
for a — 0, the governing equations can also be solved using asymptotic methods. The distribution of the
temperature of the plate as well as the overall heat transfer rates have been obtained in closed form and
compared with the numerical solution for different values of the parametric set. In general, close to the

analyzed limits, a good agreement is achieved.

I. Introduction

HE study of conjugate heat transfer between forced con-

vection flows and conduction in walls is important be-
cause of the existence of coupled effects in practical heat trans-
fer processes. In particular, the design and performance of
counterflow multilayered heat exchangers offer an excellent
opportunity to analyze these phenomena. Research on fin’s
efficiency, double pipe, and parallel plate exchangers are pro-
gressing because of the simple geometry and the well-known
flow conditions in these heat exchanger types. In connection
with the conjugate heat transfer process over surfaces, the ef-
fects of wall heat conduction and convective heat transfer have
been analyzed in several works. Luikov' and Payvar’ analyzed
the conjugate problem where the lower surface of a horizontal
flat plate of finite thickness is maintained at a uniform tem-
perature, while heat is convected to a laminar boundary layer
at the upper surface .of the plate. They neglected the longitu-
dinal heat conduction in the solid. Luikov' developed two ap-
proximate solutions, one based on a differential analysis with
low Prandtl number and the second based on an integral anal-
ysis with assumed polynomial forms for the velocity and tem-
perature profiles. He concluded that for Brun numbers larger
than 0.1, the thermal resistance can be neglected. Payvar’ used
the Lighthill approximation® for large Prandtl numbers to ob-
tain an integral equation that has been solved numerically. He
obtained asymptotic solutions for large and small Brun num-
bers.

The process of heating (or cooling) of a flat plate in a con-
vective flow was studied by Sohal and Howell* and Karvinen.’
Both works used the Lighthill approximation to obtain an in-
tegro-differential equation. In particular, Sohal and Howell*
used a numerical scheme to solve the governing equation,
whereas Karvinen® used an iterative method to solve the in-
tegro-differential equation by including the steady-state and
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transient solutions. He obtained good qualitative agreement
with experimental results. On the other hand, perturbation
techniques were employed to solve analytically the integro-
differential equation resulting from the externally heated flat
plate in convective flow.® This equation has only one param-
eter, a, which corresponds to the ratio of the solid heat con-
duction to the convected heat towards the hotter fluid, and is
inversely proportional to the Brun number. For large values of
a (very good conducting plate), a regular perturbation ap-
proach is applied using 1/« as the small parameter of expan-
sion. Otherwise, for very small values of this parameter, a sin-
gular perturbation technique has been employed (matched
asymptotic expansions) to study the plate temperature evolu-
tion. The leading term of the expansion (a = 0) has a self-
similar solution and the resulting integral equation has been
numerically solved. For small values of «, two boundary layers
develop at both edges of the plate. These boundary layers,
however, have only local effects and the leading-order solution
gives accurate results for small values of «, even for this sin-
gular problem. They also included the cooling process for a
= 0. However, for the case of large values of «, the cooling
process cannot be analyzed using the same regular perturbation
techniques used by Trevifio and Lif#,° because this series
breaks down in the first-order terms. Vallejo and Trevifio’ an-
alyzed the cooling process of a plate in a convective flow using
multiple scales asymptotic techniques. The main conclusion of
these works is that the longitudinal heat conduction must be
retained to estimate correctly the global heat transfer rates.
For a heat exchanger problem between two fully developed
laminar streams, Stein® presented an analysis for coflowing,
double-pipe heat exchangers. He obtained the heat transfer co-
efficient in the range where a thermal boundary layer was es-
tablished. A few years later, Nunge and Gill’ treated the same
problem for both coflowing and counterflowing cases, deriving
a new orthogonal relation, and giving the local Nusselt number
distributions. Nunge et al.'” made an analysis of parallel plate
exchangers where the longitudinal conduction was taken into
account in the flowing fluids. They found that the local Nusselt
number of each stream was different from the usual, single-
stream problem and that each number was affected by the ex-
istence of the other stream. Their more relevant conclusion
showed that there was not a big influence of the longitudinal
heat conduction in the fluid for Peclet numbers of 100 or more.
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Mori et al."’ analyzed theoretically multilayered parallel plate
heat exchangers under laminar flow conditions. Their conclu-
sion is that in the examination of mixed-mean temperature
distributions, the longitudinal wall conduction significantly re-
duces exchanger effectiveness in the low-Grétz number region.
Note that the last four works just mentioned have appeared as
extensions of the classical Gritz problem.

The objective of the present work is to obtain analytically
the overall heat transfer rates and the temperature profiles in
the wall, which separates two counterflowing forced flow
streams at different temperatures. The set of governing equa-
tions are elliptic because of the existing counterflow pattern,
even if the axial wall heat conduction effects were not taken
into account. Using the Lighthill asymptotic approximation for
large Prandtl numbers of both streams, we show that the en-
ergy equation for the flat plate depends fundamentally on three
parameters: « and 3 representing the ratio of the thermal re-
sistances on both fluids and the aspect ratio of the plate &. The
nondimensional parameters are to be defined in the following
section. We use asymptotic techniques exploring analytically
the limiting cases of large and small values of « for values of
B of order unity, and small values of ¢ and compare with the
numerical solution obtained using a code described elsewhere
(Medina et al.'?). To the knowledge of the authors, no experi-
mental results on the physical problem analyzed here have
been published. The analysis made in this work can be easily
extended to study the heat transfer process between counter-
flowing fluids in concentric tubes, assuming that the thermal-
layer thicknesses are much smaller than the diameter of the
inner tube.

II. Formulation

The physical model under study is shown in Fig. 1. A thin
flat plate of length L and thickness & is placed between two
counterflowing streams with freestream velocities and temper-
atures (U, Tro) and (Upe, Tie), for the upper and lower
streams, respectively. The upper left comner of the plate coin-
cides with the origin of a Cartesian coordinate system whose
y axis points upward in the direction normal to the plate and
its x axis points to the right in the plate’s longitudinal direction.
For large Reynolds numbers of both flows (Re; = U.L/v, i =
1, II), two viscous-nonisothermal boundary layers develop,
with characteristic thicknesses related to the length of the plate
of the order of the inverse of the square root of the corre-
sponding Reynolds numbers, for the upper and lower flows,
respectively. It will be assumed, without any loss of generality,
that the temperature of the upper fluid is higher than that of
the lower fluid, T > Tipo.

For fluids with Prandtl numbers of order unity or larger, Pr,
= pvc;/A;, the characteristic thicknesses of both thermal
boundary layers are of the order

L

61 ~
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for i=11I

Here, p;, v, ¢, and A; denote the density, kinematic viscosity,
specific heat, and thermal conductivity of the fluid i, respec-
tively.

The orders of magnitude of the heat fluxes across the bound-
ary layers in the fluids are
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where AT, (i = I, IT) are the transversal characteristic temper-

ature changes in the fluids, AT; = |T,. — T,,|. Here, T,, rep-

resents the characteristic temperature of the plate surface fac-

ing fluid i. If we assume both edges of the plate to be adiabatic,
then the heat flux from fluid 7 to the wall is of the same order

T/co Fluid I
y U
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Fluid I Ulreo
Fig. 1 Schematic diagram of the studied physical model.

of magnitude as the heat flux from the wall to fluid I7 and also
transversely in the wall, i.e.,

qr~ q9u ~ 9w )]
or
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In these relationships, p., c,, and A, represent the density,
specific heat, and thermal conductivity of the wall material,
respectively. AT, is the characteristic transversal temperature
drop at the wall, AT,, = |T,; — T,y|. From Eq. (3) we obtain
the ratio of the characteristic temperature drop in the boundary
layers of both fluids to the characteristic temperature drop at
the wall as

AT, «a AT, «
AT T and AT, 7 3 “)
where
o= 1 ﬁﬁ 1 _/\llRe}IIZPr;IB and s_ﬁ
0.332 X, L Re}?Pri® © 7 M\ Rel?prl L
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which represent the most relevant nondimensional parameters
for this problem. Here, « is a nondimensional parameter that
relates the solid heat conduction to the convective heat towards
the upper fluid, B represents the relationship between the ther-
mal boundary-layer thickness of the lower fluid to that of the
upper fluid, and & represents the aspect ratio of the plate. The
value of B will be assumed to be of order unity throughout
this article, except in the cases where it is explicitly mentioned.
Using the fact that

AT, + Aﬂ] + ATw ~ AT = Tleu - T][ao

from Eq. (4) we obtain a single relationship for the order of
magnitude of AT, /AT as

AT, @ 1\
T

To evaluate the effect of longitudinal heat conduction on the
overall heat transfer process, we must compare the heat trans-
fer by conduction along the solid, which is of the order
h(A ATy, /L) (with AT,, denoting the characteristic tempera-
ture change along the solid), with the heat transfer from the
fluids to the solid, of the order L(A,AT,/k). The ratio of the
two is R ~ €°AT,, /AT, or, using Eq. (6),

_ed + B) AT,

R B AT

for S>> 1 )
E]
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which is independent of . The longitudinal heat conduction
effects are important for values of R of order unity. In this case
Eq. (7) implies

AT‘Lw - B
AT o1 + B)

@)

Thus, the ratio AT, /AT should be of the order 1/a for large
values of @ compared with unity. As the value of a decreases
reaching values of order unity, AT,,,/AT becomes also of order
unity. Because the maximum value of this ratio is unity, then
R ~ a(1 + B)/B, for values of a < 1. Thus, the longitudinal
heat conduction ceases to be important for values of a <<
BI(1 + B).

For large values of o/g” (thermally thin wall approximation),
the wall temperature variations in the transversal direction are
very small compared with the overall temperature difference
AT, as shown by Eq. (6). In this limit, the wall temperature
can be assumed to be a function only of the longitudinal di-
rection. The nondimensional heat flux or overall Nusselt num-
ber in this regime asymptotically reaches a constant that can
be obtained by the following definition:

1 g.L B
0. 332Re}/2Pr )\Iw(TIm - T[Ioe) 1+ B

Nu = ®

where

L
1
Gw = zL q.(x) dx

On the other hand, for values of a/e® of order unity (ther-
mally thick wall approximation), the wall temperature change
in the transversal direction is of the same order as AT and the
longitudinal heat conduction term in the wall can be neglected,
because in general as assumed in this work, ¢ is a small num-
ber. The limiting value of the nondimensional heat flux or
overall Nusselt number in this regime gives

Nu ~ (a/e®), for (ale’) -0
Introducing the following normalized variables:

T~ T
=2, x=
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the nondimensional energy equation for the plate is given by
the well-known Laplace equation:

70,130, an
ax: & o7

We assume for simplicity that both edges (leading and trailing
edges) are adiabatic, which correspond to the boundary con-
ditions given by

a6
—=0 at =0 and yx=1 (12)
X _

The boundary conditions at the upper and lower solid—fluid
interfaces are obtained from continuity of the temperature and
the heat flux. Using the asymptotic Lighthill approximation®
valid for large Prandtl numbers compared with unity, these
nonlinear boundary conditions are given by

X de.

&
=——{1—- 6, — K, ~d ! (13)
im0 a\/}( : f dx X)
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The Lighthill approximation gives accurate results also for val-
ues of the Prandtl number of order unity. The Kernels of the
integrals in the previous equations are given by

K,=[1—- """
K;={1—[Q —x)YQ1 = pr*—? (15)

where the subindex u and d denote the upper and lower inter-
faces and ! denotes the leading edge. For the upper fluid the
leading edge corresponds to the left one, whereas for the lower
fluid it is the right one.

For large values of a, that is, @ >> 1, the heat conducted
by the plate is very large in all directions, thus, no temperature
gradients of importance arise in the wall. In this limit the non-
dimensional transversal variations of the wall temperature are
very small compared with the corresponding longitudinal var-
iations, which are of order 1/« as predicted by the order of
magnitude estimate (8). On the other hand, for a << 1, the
heat convected from the fluids is extremely important, and
large nondimensional temperature gradients occur mainly in
the transversal direction and the longitudinal heat conduction
can be neglected. In this article we analyze the conjugate prob-
lem using asymptotic techniques for values of the parameter
a>> 1 and o/e® << 1, B ~ 1 with & << 1 and numerical
techniques for the whole parametric space.

III. Thermally Thin Wall Regime (a/€* >> 1)

This regime is very important and applies to most practical
cases of metallic plates. Integrating the Laplace Eq. (11) in the
transversal direction and applying the boundary conditions at
the fluid—solid interfaces (13) and (14), we obtain the reduced
nondimensional energy equation in the form

d%e 1[ f de’ ]
a—=—=|1-60) - | K, — dy
Vi dy

B X e
+ ——— | a1 K, — dy’ 1
F__l—x[()+.[ ddX,dX] (16)

where we assumed that [, 8(x, z) dz = 6,(x) = 6,00 = 6(x).
This equation is to be solved with the corresponding adiabatic
conditions at both edges.

For very large values of the parameter a compared with
unity, the nondimensional temperature of the plate changes
very little in the longitudinal direction of order a~*. This limit
is regular and is to be analyzed using o' as the small param-
eter of expansion. For very thin plates, such as & << 1/
the temperature of the plate can be expanded by the following
asymptotic series:

o

1
6, 20 = 2, — 60 a7

=0

Introducing the previous relationship into the nondimensional
governing Eqgs. (16) and (12), we obtain the following equa-
tions:

=0 (18)

B " d8s
+ ————— —_ !
m [00(1) + ﬁ K, dy' dX:| a9
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d(),,+1 1 [ f" de! ]
=— |60 + | K,——dy
Vx a X

+——\|0) + | K,—d (20)
T X ( 1 d dx X
forn = 1, and
de
= = 21
Oy @1

Solving Egs. (18) and (21) gives a constant for 6, which can
be found after integrating the following higher-order Eq. (19)
with the corresponding adiabatic conditions at both edges. In
this form, the solution for 6, is given by

6, =1/(1+ B) 22)
The solution to Eq. (19) is

6,00 = [4B/3(1 + PIlZx + (1 — 0 — X" + Al (23)

where A is to be found again after integration of the next
higher Eq. (20) for n = 1. This gives

=—[1/1 + P — @) + B3 + a)] 24

where a = 0.2695. . ..
obtained, giving

Using the same procedure, 6,(x) can be

4 4
0(x)=D + Cx + 3 6.(0)x>* + 3 Boe(1)(1 — x*?

_8 |1 2\ (s a1 oo
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26.(1)] — BC — 21 — 42
X [6(0) + B*6u(1)] — BC 9(1 B)CB (3,3)

+ 2 pga - B)m} (28)

with r=0.3707 ..., and m = 0.02529. . . . B(f, g) corresponds
to the Beta function. Using the series expansion (17), the over-
all reduced Nusselt number given by

1
— a0
was [ 2
&g J, 9z

can also be expanded in the following form:

— B
Nu—2[1+ﬁ

dx (29)
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IV. Thermally Thick Wall Regime (a/€* ~ 1)

For values of a/g* ~ 1, the transversal temperature variations
in the plate are now very important and must be retained. In
this regime a ~ &* << 1, and therefore, the longitudinal heat
conduction in the plate is very small. Neglecting the longitu-
dinal heat conduction in this limit is possible in the whole
length of the wall, except in regions of order & close to y = 0
and y = 1, because the adiabatic boundary conditions cannot
be satisfied. However, these layers have only local effects and
don’t modify substantially the results for small values of e.
We avoid presenting the inner structure of these layers. The
temperature profiles in the transversal direction of the plate are
linear of the form

600 2) = 6.00(1 + 2) — 8.(x)z €3

Therefore, the energy equation for the plate represented by
Egs. (13) and (14) now take the form

g 1 de,
o ne ([ w5 o)
de,

>4
([ na) o

with the conditions 6,(0) = 1 and 641) = 0. These equations
are still elliptic even without the inclusion of the longitudinal
heat conduction term in the wall.

A. Asymptotic Limit a/® << 1

The limiting case a/e* — 0 is singular because the Nusselt
number goes to zero as « tends to 0. However, the local non-
dimensional temperature gradient defined by Eq. (13) tends to
a finite value as a/e”> — 0. Thus, this problem can be analyzed
using regular perturbation techniques with o/’ as the small
parameter of expansion. For a/&” = 0, we obtain a linear profile
in z for the nondimensional temperature of the plate without
any heat flux (perfect isolated wall). We assume a solution for
the nondimensional plate temperature given by Eq. (31) with

6.0 =1+ _2' a(x) + 3 < o 0+ 0(a’/e%) (33)
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d(0] + O(a’/&?)
34)

6.0 = (a/ed[a(x) — bO)] + (1Y) [c(p) —

These relationships have to be introduced into the nondimen-
sional Laplace Eq. (32). Using Abel’s inversion, we obtain
after comparing terms with the same power of a/s:

a(x) = —kVx (35)
b)) = —KVx + (IBV1 = Al (36)
3k 1 " -
—_— + —_— Q@n+1)2
0 = /3[ BZ 5 X 28(3,3> ,.E.;C"X ]
(37
3k 1 12 172
== {— + 1 -
d(x) 28 {B(%, 5 [x ( X
+ L [B +1 a - )]
G, H|PX Y X
— > ™+ (1 - x)“"*““]} &)

where

R 1 @n— 2 an +2 2\]"
Cp = =1 @n + 1) nln — 1! [B < 3 7 3)] (39)

= (V312mB(%$, +) = 0.730266 .

The overall reduced Nusselt number, after replacing the so-
lution given by Eq. (33) and using the relationships (35-39),
is then given by

m:%[l -

2k(1 + B) @ + 3kH(B) o’ +
38 £ 28 &

&

. .:l (40)

where

4 1 1 1 S _Gn
HB=3335 " Ba, %)<B+E>_4;2"+3

B. Asymptotic Limit 8 — o

In this limit, the thermal resistance of the fluid /I facing
at the lower surface of the plate is very small and the nondi-
mensional temperature at this surface diverges from zero in a
quantity of order 8~'. The leading term corresponds to the
solution of the convective problem with the lower surface of
the plate with a uniform temperature T, = Tp.. or in nondi-
mensional form 6, = 0. This problem, for the thermally thick
wall reglme is already classical and has been studied in several
works.'~>'** For this limit it is appropriate to redefine the
nondimensional temperature at the lower surface of the plate
as @4(x) = 64x)/B. The governing Egs. (32) reduce in this limit

to
1 & 1 X de.
—_ - = ——— K, —= dy
“ T a\/?((J “d"‘>

___32_ de;
= —1—X<f K,,d,d)() “41)

with the conditions 6,(0) = 1 and ¢, (1) = 0. The solution to
Egs. (41) can be obtained using the following expansions:

. g Puy
-4 = 42
ZOB %= 2op “2)

Introducing Eqs. (42) into Egs. (41) we obtain after col-
lecting terms with the same power of 8

&2 1 Y dé
etk ([ nsw)

with the condition 0,(0) =1 43)
& < f den )

Op = —F—— K — dy’

° am ¢ dy X

with the condition ¢4(1) =0 44)

& 1 Y de),
- = ——— K, —= dy

04 — @a - \/X’ ( J; O >

with the condition 6,(0) =0 (45)
The leading term integral Eq. (43) is a parameter-free universal
parabolic equation with & = yo’/e* and serves to obtain the
leading term of the nondimensional temperature at the upper
surface of the plate, for a uniform isothermal lower surface of
the plate. The solution to this equation can be found else-
where.> For small values of £ the solution is given by the
following series expansion:

- KWE+ ——— g + 0 for €50

43(1,

Once 6,, is obtained, the first-order correction of the non-
dimensional temperature at the lower surface of the plate ¢
can be obtained from the solution of the integral Eq. (44). The
first-order correction for the nondimensional temperature at the
upper surface is obtained from the solution of the integral Eq.
(45), etc.

V. Results and Comparison
with Numerical Solution

The numerical results are obtained with the aid of the nu-
merical code described elsewhere.'> The Laplace Eq. (11) is
numerically integrated using central differences in both direc-
tions. All of the first derivatives for the boundary conditions
are evaluated using three points. The integral term of the
boundary conditions (13) and (14) is discretized in the follow-
ing form:

kAx

f‘ _E(OMM Biar) f dy’
A (U 3/4]1/3

(k—l)Ax[l X'
4
= ﬁ ; (Ocernr — Giar) f

A= 1P
N
[G— 1/~ 1) (1 u)

_4(1 _ 1) i—1 ~ i % k 3/4
== E B = Oear) {B [3, 3 <——I. — 1) ]

42 (k-1\"
-e[33(=1) ] 4o

where B(m, n, r) corresponds to the incomplete Beta function.
Using this code, Fig. 2 shows the nondimensional transversal
temperature difference at the wall ,(y = 0) — 6,(xy = 0) for
different values of the parameter o/e”. Here, we can see that
for large values of a/g” >> 1, the nondimensional temperature
difference is very small, which justifies the use of the thermally
thin wall approximation. The main results and the comparison
between the asymptotic and numerical analysis is displayed
through Figs. 3—8. Taken into account that in heat transfer
analysis the most relevant quantities are generally global, Figs.
3 and 4 give the corresponding average or overall reduced-
Nusselt number as a function of of/e” and different values of

1
uz du
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Fig. 2 Nondimensional transversal temperature of the plate at
x=0,for f=1and £ = 0.1.
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0% 107 1 10 10* 10° 10* 10° 10°
Fig. 3 Numerical and asymptotic average reduced Nusselt num-
bers as a function of o/€* for g8 = 1.

B and e. In both figures from the numerical predictions, we
can see that for small and large values of a/g% the average
Nusselt number is independent of the values of & and the in-
fluence is only detectable in a relatively small region of o/’
of order unity, where the average Nusselt number shows a
small but noticeable hump for 8 = 1. This hump disappears
for values of B >> 1. The most direct result is that the maxi-
mum value of average Nusselt number occurs practically for
values of a/e” close to 100. Therefore, this unique feature of
the solution, where the influence of-the parameter ¢ is ampli-
fied by the overall Nusselt number, introduces a novel behavior
in heat exchanger studies. Otherwise, for very large or very
small values of a/e’, the average asymptotic and numerical
Nusselt numbers have a universal form with respect to the
parameter . The asymptotic expansions developed for small
and large values of a/g’, show a relatively good agreement
with the numerical results for values of 8 of order unity. How-
ever, as shown in Fig. 4, for large values of S, the thermally
thin wall approximation isn’t justified and a different approach
is needed. Only the leading term of this approximation is valid.
The asymptotic solution for the thermally thin wall limit could
be plotted in Figs. 3 and 4, by using an artificial value of ¢ =
0.1, because this solution is not a function of &, but is needed
to plot both limits in one graph.

Finally, the comparison between the numerical and asymp-
totic analysis is given in Figs. 5—8, for the nondimensional
temperature in the symmetrical middle plane of the plate (Figs.
5 and 6), for the lower surface (z = —1) in Fig. 7 and for the
upper surface (z = 0) in Fig. 8, for different values of «, and
B with & = 0.1. The solution for values of 8 < 1, can be
inferred from that of 8 > 1 using the following invariance
transformation:

B = (1/B),

z=1 — z,

a = (a/f), 6,=1—-286,

I 11

47)
x=1-x

In Figs. 5 and 6, the asymptotic limit of « large is considered
but the corresponding value of B is different. As we can see
in both figures, the agreement between the numerical estima-
tion of the temperature and the three terms expansion is suf-
ficient to describe the general behavior, and again, the influ-
ence of the parameter B is to make the temperature lower for
higher values of 8. On the other hand, it is clear that the non-
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Fig. 4 Numerical and asymptotic average reduced Nusselt num-
bers as a function of a/&* for g = 100.
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Fig. 5 Numerical and asymptotic solution for the nondimen-
sional temperature distribution at z = 0.5 as a function of the
nondimensional coordinate y for g LLe=0l,and a =1
and 10.
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dimensional temperature shows a decreasing behavior for in-
creasing values of the coordinate x for fixed values of the
parameters e, B3, and &. In the limit a << &%, Fig. 7 shows the
corresponding comparison at the lower surface. As we can see
from this figure, the temperature at the lower surface of the
plate is practically the same as the freestream temperature of
the lower fluid 77, as the value of B increases. An excellent
agreement between numerical and asymptotic solutions is ob-
tained. Figure 8 shows the numerical solution at the upper
surface of the plate for & = 0.0001 and two different values
of B, and the asymptotic solution for 8 = 1. As we can see,
the temperature at the upper surface is almost insensitive of
the parameter 8, for very small values of a/e*. This behavior
is expected from Egs. (33) and (34) because the influence of
B in 6, appears in the order of o’/e*, whereas in 6, it appears
in the order of a/g®>. We again obtain a very good agreement
between the numerical and asymptotic results for this value of
a. There is a small discrepancy in regions close to y — 0,
because of the existence of a thin layer where longitudinal heat

0.20 F=—
1 S ___dsymp sl fora» 1
Ss_ -- - Numerical sol
0-’8; z - 0‘5
] =5
0.16 ;
] a=10
0.14
0.12
LY SV IV HA Y S Y
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Fig. 6 Numerical and asymptotic solution for the nondimen-
sional temperature distribution at z = 0.5 as a function of the
nondimensional coordinate y for B8 = §, € = 0.1, and a = 10.

6

0.010;
3 — Asymp. sol for a « ¢
28488 Numerical sol
0.008 1
z = -1
. e = 0.1
0.006 1
1 p=1 o = 0.0001
0.004
00027 f=95
\l
0.000 t—rrrrrrrrreee AJRRAREAL T T
0.0 0.2 0. 0.6 0.8 1.0

Fig. 7 Numerical and asymptotic solution for the nondimen-
sional temperature distribution at the lower surface as a function
of the nondimensional coordinate y for 8 =1 and 5, € = 0.1, and
a = 0.0001.
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Fig. 8 Numerical solution for the nondimensional temperature
distribution at the upper surface as a function of the nondimen-
sional coordinate y for 8 = 1 and §, £ = 0.1, and o = 0.0001.
The asymptotic solution for 8 = 1 is also pletted.

conduction must be retained to satisfy the adiabatic boundary
condition.

V1. Conclusions

In this work we present the numerical solution and asymp-
totic analyses to study the heat transfer process between two
counterflowing forced flows at different temperatures, sepa-
rated by a flat plate. In both fluids we have used the Lighthill
approximation for high Prandtl numbers, although it is a rea-
sonable approximation for Prandtl numbers of order unity. The
influence of the parameters a, B, and & on this process has
been analyzed. Because of the presence of these two boundary
layers, the mathematical structure of the problem is elliptic,
even for a equal to zero. The numerical and asymptotic results
reflect very interesting facts in these kinds of multilayered heat
exchangers: from the numerical point of view, the average
Nusselt number is very sensitive to the changes for these pa-
rameters (@, 8, and &), and the solution can modify from one
universal to a particular behavior, depending strongly on the
values of the parameter o/s”. The importance of using asymp-
totic analysis is to obtain explicitly the distributions of the
nondimensional temperature, local Nusselt number, and the av-
erage Nusselt number. From the analytical point of view, we
have developed two important limits. The limits of large and
small values of «a are related to the limits of good and poor
conducting plates, respectively.
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